Introduction
The interest in watershed methods for image analysis has expanded with the development of powerful and fast algorithms 1] and experience and application in the development of suitable \marker" functions 2]. The idea is that, watersheds of a surface tend to follow the \high ground" so that if we nd the watersheds of the magnitude-of-the-gradient of an image, these lines will follow the edges (regions of high gradient) in the image, thereby performing a useful segmentation.
The watershed of a surface has some very useful properties: the watershed lines form closed simply-connected regions; all points belong to a region or fall on a watershed line; each region contains a single regional minimum (point or region); and each regional minimum possesses a single catchment basin (region) associated with it 2]. This last property is exploited in this paper.
Although the watershed segmentation methods are very powerful, in most applications they tend to oversegment. In some cases this may be corrected by \homotopy modi cation" of the gradient function by marker functions 2] before the watersheds are computed. Gauch has recently developed an interesting approach to the inherent oversegmentation of the gradient watershed method 3]. A hierarchy is de ned for the watershed boundaries and a scale is attributed to the boundary leading to a multiscale technique of watershed simpli cation by successively removing boundaries and merging regions as scale increases.
In the present work we will ensure that the watershed regions simplify in a more orderly (monotonic) fashion with increasing scale using a scalespace monotonicity theorem for regional extrema.
Scale-space provides a way to associate signal descriptions across multiple scales, this approach emphasises the relationship between such signal descriptions and enables the study of the behaviour of signal structures across scale 4].
We have previously developed a new scalespace theory, based around a scale-dependent non-linear image smoother, called the multiscalemorphological-dilation-erosion 5]. The method is de ned for positive and negative scales: for positive scales we perform a dilation, for negative scales an erosion, it is the magnitude of the scale parameter, j j, which corresponds to the intuitive notion of scale.
Suppose we have an image, f : R 2 ! R, the smoothed image at scale is de ned by:
where is the grayscale morphological dilation, is the grayscale morphological erosion, and g : R 2 R! Ris a scaled \structuring function" (for a review on mathematical morphology see: 6]). The major result of Jackway's scale-space theory is Theorem 1 which states that the number of local maxima of an image decrease monotonically with increasing positive scale, and the number of local minima decrease monotonically with increasing negative scale. Further, the spatial positions of these extrema are xed as smoothing proceeds 5]. Theorem 1. Scale-space monotonicity for extrema. Let E max , and E min , denote the set of local extrema of an image f , then for any scales, 1 < 2 < 0 < 3 < 4 , E min (f~g 1 ) E min (f~g 2 ) E min (f);
E max (f~g 4 ) E max (f~g 3 ) E max (f):
It is the main aim of this paper to extend the scale-space monotonicity from point-sets (the extrema) to regions (the watershed basins). (5) It is necessary to perform the scale-related smoothing on the original image, however the watershed must be performed on the magnitudeof-the-gradient image. We therefore need a link between the two which maintains scale-space monotonicity for regions. The necessary connection can be arranged by using Vincent's morphological grayscale reconstruction 7] to modify the gradient image.
For the following assume f (x; y) to be a continouous bounded function on a closed and bounded domain, f : D R 2 ! 0; B]. The threshold set of f at threshold t is, X t (f) = f(x; y) 2 Djf(x;y) tg : (6) The threshold sets obey an inclusion property, X t (f) X s (f); for all t > s:
We can recover the function from its threshold sets, f (x; y) = max ft j x 2 X t (f)g (8) In general, the threshold set is made up of several connected components, X t (f) = X t;1 (f) X t;2 (f) X t;k(t) (f). A regional maximum M of f is a connected component with a given value h (i.e. a plateau at altitude h), such that every neighbourhood of M has a strictly lower value. Thus, M is a regional maximum of f if and only if M is a connected component of X h (f) such that M \ X t (f) = ; for all t > h:
Now, suppose f possesses p regional maxima M i ; i = 1; 2; : : :; p and we select a subset of q p of these M i ; i = 1; 2; : : :; q. We now modify the threshold decomposition of f by retaining at each threshold t, any connected component of X h (f) which includes an M i ; i = 1; 2; : : :; q: Therefore, we have preserved selected regional maxima of f while surpressing all the others. This technique is nothing but the morphological grayscale reconstruction of f 7] . In Vincent's terminology this is written, f M (x; y) = f ( )(x; y);
(11) where the \marker" function is used to select the maxima to be retained.
By using the \dual reconstruction" ? f ( ) we can retain selected regional minima of f and supress all others, otherwise;
where N i ; i = 1; 2; : : :; q are the regional minima of f . In this way we obtain a scale-space causality property for watershed regions of this magnitudeof-gradient image. We can formally express the nal result in a Theorem:
Theorem 4. Scale-space monotonicity for watershed regions. Let As part of a large project in classifying cells on cervical smears, we are interesting in characterising the visual texture of stained nucleii. Such texture has been reported as being useful in discriminating between normal and abnormal cells 8]. As this work is still in progress, the results cannot be reported here, however, a typical set of multiscale-images of a cell nucleus showing gradient watershed lines ( gure 1) serves to illustrate the application of the technique developed in the current paper. In the cell classi cation project, several parameters relating to the number, spatial distribution, and graylevel of watershed regions will be obtained as functions of scale. We are investigating the e cacy of these features in discriminating abnormal from normal cells on cervical smears. 
